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LETTER TO THE EDITOR

Non-linear difierential-difference equations with
N-dependent coefficients I

D Levi and O Ragnisco

Istituto di Fisica dell’Universita di Roma, 00185 Roma, Italy
Istituto Nazionale di Fisica Nucleare—Sezione di Roma

Received 6 February 1979, in final form 20 February 1979

Abstract. Employing the AKNS technique, we generalise the discrete non-linear evolution
equations obtained from the four-potential discrete Zakharov and Shabat spectral problem
to include equations with n-dependent coefficients.

The most general discrete Zakharov and Shabat (ZS) spectral problem contains four
potentials, as shown by Ablowitz (1978); there is a subcase, extensively treated in
literature (Chiu and Ladik 1977, Levi and Ragnisco 1978), which contains only two
potentials, but for which we are obliged to impose restrictions on the spectral data
(Ablowitz 1978). For this subcase, following the works of Newell (1978) and Calogero
and Degasperis (1978), we have been able to derive a class of non-linear differential-
difference equations (NDDE) with n-dependent coefficients (Levi and Ragnisco 1978),
by introducing a new Wronskian relation. It seems worthwhile to derive the class of
NDDE with n-dependent coefficients for the more general ZS spectral problem. Thus
we turned to the Ablowitz, Kaup, Newell and Segur (Ablowitz et al 1974) (AKNS)
method, extended to the discrete case by Ablowitz and Ladik (1975), which, through an
algebraic procedure, allows one to obtain (at least) the simplest equations of the class.
The four-potential discrete ZS spectral problem reads

Ul,n+l(z, t) = Zvl,n(z’ t) + Qn(t)UZ,n(Z’ t)+Sn(t)02‘n+l(z’ t) (1)

V2,n+1(2, £) = (1/2)02,n(2, ) + R ()01,0(2, ) + Tult)v1,n+1(2, 1)
where Q,, R,, S,, T, are the time dependent potentials and z is the ‘eigenvalue’.

Generalising the AKNS procedure, we assume the following time dipendence for
the eigenfunction

oulz, 0= ()

U2,n

(8/08)vn(2, 1) =Ln(2, Uu(z, 1)+ M, (2, 1)(8/82)vn(z, 1) (2)
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where L, and M,, are 2 X 2 matrices:

—_ An Bn - E’l F’l)
""'(c,. D,,)’ M"_(G,, H,)

Imposing the integrability condition, i.e. that the time derivative of (1) be equal to (2)
evaluated at n + 1, we first obtain,

F,=G,=0; E,=H, = u(z,1) (not depending on n!) 3)
and consequently that the following equations must be satisfied:

(SuR.): = (2 + SuR)(AA, — (In Ap) ]+ (Qn + S0/ 2)Co = (R + 2T,)Bri1 — . = 0;

(Qn+81/2)i+(z+8SuRu)Bn +(Qn + S,/ 2)[Dn — Ans1—(In A),]
+(z7 4 QuTn)Bre1+(Sa/22)u = 0;

(Ra+2T)i +(Ry+ 2T)[An — Duii — (I A) ]+ Cu(z '+ Q,To) (4)
—Cos1(z+8.R,)—Top =0;

(QuTW)e+(Ra+2T)By — (27 + QuT,)[AD, +(In Ay),).]
—~(Qn+84/2)Crir+u/2%=0,

where A, =1-8,T,, (.. .):=@/0)(...)and A(...)n=0( . Jns1—=( . n
To deduce the simplest non-trivial differential-difference equations, we expand L,
and p in powers of z and 1/z as follows:

Az, )=AND+ANDzZ+ AL (D27

B,(z,t)=Bu(t)+Br(t)z+B;  (1)z7";

Ciz,)=Co)+Cr(hz+C ()27 1,
D,(z, ) =D3(t)+DA(t)z+D; ()z™Y;
ulz, ) =p(t)+u ()2 + 412 (0)2°

With this assumed form for L, and u, equations (4) yield for the different powers of
z (2%, 2,2°% 27", 27%) a system of equations which must be independently satisfied, and
can be solved by a straightforward although tedious algebraic manipulation. We
obtain: (With no restriction we have set A~ = D' = 0; furthermore, we remark that the
coefficients A°, A', etc appearing in equations (5) may depend on time but not on n.)

An(z,)=A"+A'z~npuz7 = ¥ (D' +@2j +3)u")R;1S;— (A" = (2j + 2)u?)RSS;
Jj=n

~(D7'+2j + Du)QT; + (A" —2ju*)QT;-1);

Bu(z,)=(A"=Q2n+D)u*)Qu+ (D™ +2nu"S,_1/z;

Co(z,)=(D'+2n+1u"R, +(A'=2nu") T, _12;
D.(z,)=D°+D7"/z +nuz™! ‘,i,. (D7 +2ju")R;S;- — (A" = (2j + Du)RSS,

+(A' =2/ +3)p*)Qn T - (DT +(2j +2u")QT)],
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together with the evolution equations
Qn.=-[D°-A°+2(n+D)u'+u°Q.T, +u’R,S, +1,:1]Q,

+[(A'=2(n + 1)u?)S, = (D7 +2nu")S,-11(1 - QuR.);
R, =[D°-A°+2(n+1)u'+u’QuT, + u’RuSu + I.41]R,

+H(D7 2+ DT, — (A =2np*) Ty J(1 - QuR.);
Sne=—[D°—A’+2(n+ Du' +I,+1]S,

+[(AT =2n+3)u?) Qi — (DT + 20+ Dp’)Q. )1 =S, To);
T..=[D°-A°+2(n+ D' +1,.1]T,

+{(D7'+@2n+3)u")Ru —(A' = (2n + Du)R,)(1 =S, To),

(6)

where
L= 3. [W*(RS;+ Q1)+ w°(RiS;-1 + QT))
i=
Special subcases are easily obtained:

(a) Rn = EQn; Tn = GS,,(E = :tl)

This case is consistent if D°=A° A'=D"", u°=—u? u'=0. The evolution equa-
tions read:

Qni=(1-€Q[(A'+2(n+ Du)S, — (A’ +2nu")S,_1];
Sne=(1-€SH(A'+2n+3)u2) Qi1 = (A + (21 + Dr"Q,].

Setting W3, =S,,, W2,n-1=Q,, we can obtain a generalised discrete modified
Korteweg-De Vries equation (Bruschi et al 1978)

Wi =(1=eW)(A +p (n+3) Wi = (A + (1 + DuOW,a]  (8)
from which a generalised Volterra system can be derived:
Nui=aN,[2n -3+ y)N,_1—=2n+3+¥)N,41]

—8eaN, —2aN, (@ =eu’/2,y=3+2A"/u0. 9)

(7

(b) R, =¢€Q7, T,=eS} (e =%1).

This case is consistent if (A)*=D"', D°—A°=—(D°-A%*, u'=—u¥, ur=—ud.
The corresponding non-linear Schrodinger-like equations are:

Que==iIm[D°~A°+2(n+1u' +2eu’Uui1 + Q.5)]Q.
+(1-€|lQu A +2(n + 1)ud)S, —(A™* +2nu°)S,-1];

Spe=—iIm[D°—A’+2(n+1)u" + 21’7, 111Sn
+(1-€lS.PA+2n+3)ut*)Quii —(A* + 21 + 12 Q,]

(10)

where

Je = Zk (Q,'S,* + Q;ksi—-l)-
i=
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(c) R,=0,T,=1:

This case is consistent if u' =0, A'=u®, D '=-u° D°=A°% u2= —u° (u° not time
dependent). Setting Q, =28,, S, = 1—4a,, equations (6) can be cast in the n-depen-
dent Toda lattice-form (Toda 1976):

Qp = 2Alan(ﬁn —Bn+1) +2“0an[(n - l)ﬁn e (n + I)Bn+1]’

1 0 2 (11)
Bni=2A (an-1—an) +2u [1 -85 +2(n - Da,-1 —2(n + Dea,].
Setting
an=exp {2A (W, — W, )} exp 2ul(n — YW, — (n + 1) W, 1},
it follows that B, = W,,; consequently we obtain the second-order differential

difference equation for the ‘n-dependent Toda lattice’ with a velocity-dependent
friction term:

Wi =2A"exp {2[(n = 2)u’+ A TW,_1 —2[nu’+ AW, }
—exp 2[(n = D’ + A" IW, —2[(n + Du’+ A IW,..})
+2u’(1-WZ, +2(n—1) exp 2[(n = 2)u’+ A IW, 1 —2[npo+ A'IW,}
—2(n+Dexp{2[(n - Du’+A"IW, - 2[(n + Du’+A'IW,..D).  (12)

Equations (6) can be solved by the Inverse Spectral Transform (IST) (Ablowitz and
Ladik 1975), provided the potentials vanish sufficiently quickly as n goes to infinity. In
this case, we can define the spectral data associated with equations (1):

S:{z6(2601>1), €5 2@ (21< 1), Ci (k =1,..., N);
x B (z)(z|=1), B7(2)(z]| < 1)} (13)
through the asymptotic behaviour, for the bound states
lim [830(n )= Ciox™(265)™"1=0; im0 (1, )= Ciox™(23)™"1=0
(14a)

and for the scattering states

Jim [q’("’ ”“(3*(2;{" B_z(f')'zn)] =0,

nl-i>lPoo [d:(n, t)_(a+((§)zn a_(f)z_")] =0,

(14b)

where ¢z, are the normalised bound-state vectors, x~ being the basic spinors

()

and C{}, defined by equation (14a), are the residues of the reflection coefficients 8*(z)
at the poles z = z{x), for potentials vanishing faster than exponentially as {#|-> o0,

Ci = lim (z-2G18®(2). (15)

Z-’Z(k)
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Starting from the spectral data S (equation 13), one can recover in a unique way the
potentials, by solving the Gelfand-Levitan~-Marchenko equation:

Kin, n)+Mn+n)+ S K, n")o:M(n"+n) =0 (164)

n"=n+1

where K(n, n') is a 2 X 2 matrix,

7= ((1) (1)) and  M(n)= (F(_;(n) F(g(n))’ (165)

N
FOn)=20m)” § dz (227" + 2 CHEE™,

(16¢)
Q. =—Ku{nin+1); R, =-Kxn(nin+1),

S.=-(1 —RnQn)_l[Kll(nln +2)-Ku(nin+ 1)K21(n1’1 + 1)], (16d)
T, =—(1—R.Q.) [K2(ni1n +2) = Koz(nin + 1)K13(nin + 1)].

We end this Letter by deducing the time evolution of the spectral data; considering
equation (2) and equations (5) in the asymptotic region (|n|-> o), taking care of the
asymptotic behaviour of the potentials, we obtain:

BF =zxw(z, NB*+ulz, 1B, (17a)
a; =-I*(ha™ +u(z, t)az, (17b)
where

w(z,t)=D°-A°-A'z+D7Y/z,

I(0)= f (D7 "+ Qi+ Du RS- —[A' = 2(j + Du’IR;S;

j==e

—[D7+@2j + Du1Q T + (A"~ 2ju)Q T4},

=3 {(D'+2u"RS;-1—[A' =2+ Du?IRSS,

j=—0
—ID7+2(/+ Du’IQ T +[A' - 2/ + DuIQ T 1}

The equation satisfied by 87(z, ¢) can be solved by the method of characteristics,
starting from the initial data

Bo (z)=B*(z,0).

We thus obtain

87z, 0= B3 Lzo(z, D exp |+ | d¥ wle(zotz, 0, 10,11, (18)
0
the function {(z,, ¢) being defined by the differential equation

{z(lo, t)=—“[{(20’ t)a t] (19(1)
with the boundary conditions

{(z0,0) = zp; {(z0,8)=1z. (195)



L162 Letter to the Editor

To solve completely the IST we must know the evolution of the bound state parameters
(szg ,C ff)) ) which is obtained from equations (18, 19), taking into account equation
(15); we obtain

&) =—u(zi), 1) (20a)
CE (1) = C& (0)eo(20s Dz=22 0) €XP {: j dr' o[z (), t')}. (20b)
0

We stress here that, due to the presence of u(z, t), the eigenvalues evolve in time
and thus the flow defined by equations (6) is no longer isospectral.
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